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ORTHOGONAL POLYNOMIALS, LAGUERRE FOGK SPACE 
AND QUASI-CLASSICAL ASYMPTOTICS 

MIROSLAV ENGLIS AND S. TWAREQUE ALI 


Abstract. Continuing our earlier investigation of the Hermite case [J. Math. 
Phys. 55 (2014), 042102], we study an unorthodox variant of the Berezin- 
Toeplitz quantization scheme associated with Laguerre polynomials. In partic¬ 
ular, we describe a “Laguerre analogue” of the classical Fock (Segal-Bargmann) 
space and the relevant semi-classical asymptotics of its Toeplitz operators; 
the former actually turns out to coincide with the Hilbert space appearing in 
the construction of the well-known Barut-Girardello coherent states. Further 
extension to the case of Legendre polynomials is likewise discussed. 


1. Introduction 

One of the very well studied methods of quantizing Kahler manifolds is the 
Berezin-Toeplitz quantization |9l [10]. In the simplest case of a phase space il 
admitting a global real-valued potential dt (so that the Kahler form is given by 
uj = one considers the space 

(1) = {/measurable on fl : f w" < oo} (h > 0), 

Jn 

its subspace ^ of functions holomorphic on fl (the weighted Bergman space), 
and the orthogonal projection Ph ■ Lh^ Phoi,h- For a bounded measurable function 
/ on n, the Toeplitz operator Tf on ^ with symbol / is then defined by 

(2) Tfu = Phifu). 

This is, in fact, an integral operator: more precisely, the space ^ turns out to 
be a reproducing kernel Hilbert space [5] possessing a reproducing kernel Kfi{x,y), 
and ([2]) can be rewritten as 

(3) Tfu{x) = f u{y)f{y)Kh{x,y)e~'^^yP^ uj{yY. 

Jo. 

When the manifold fl is not simply connected, one has to assume that the coho¬ 
mology class of w is integral, so that there exists a Hermitian line bundle C with 
the canonical connection whose curvature form coincides with w; and the spaces 
Pho\ h Ph) S®* replaced by the space of all holomorphic (or all measurable, 
respectively) square-integrable sections of ^=-^ = 1,2,3,.... In any case, 
under reasonable technical assumptions on H and w, the Toeplitz operators satisfy 

(4) TfTg Ki Tfg + hTc-,{f^g) + h'^Tc 2 (f,g) + ■■■ as h\0, 

with some bidifferential operators Cj such that Ci{f,g) — Ci{g,f) = ^{/,5}, 
implying in particular that the “correspondence principle” 

ih 

rri rri rri rri rri 


( 5 ) 


1 
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holds; here {•, •} denotes the Poisson bracket. Furthermore, the bidifferential oper¬ 
ators Cj can be expressed in terms of covariant derivatives, with contractions of the 
curvature tensor and its covariant derivatives as coefficients, thus encoding various 
geometric properties of (fl, ui) in an intriguing way. The positive parameter h plays 
the role of the Planck constant. 

The purpose of the present paper, which is a sequel to [3], is to highlight an 
operator calculus of a completely different flavour, which nonetheless bears certain 
resemblance to m and ®, and arises in a quite unexpected setting — namely, 
in connection with orthogonal polynomials. To be more specific, let Hn{x) stand 
for the standard Hermite polynomials, and, for 0 < e < 1, set 

OO 

(6) K^{x,y) = ^e^\\Hn\\~'^Hn{x)Hr,{y), x,y &R. 

n—0 

Here \\Hn\\ denotes the norm in L^(IR, dx), where the {Hn} form an orthogo¬ 
nal basis. Then is a positive-definite function, and, hence, determines uniquely 
a Hilbert space TLe of functions on R for which is the reproducing kernel [B]; 
this space has been studied in m and was also encountered in [?] when studying 
“squeezed” coherent states and their representations in terms of Hermite polyno¬ 
mials of a complex variable. (The definition of this kernel may perhaps seem a bit 
artificial at first glance, but so must have seemed o when it first came around in 
Berezin’s papers!) For a (reasonable) function / on R, set 

(7) Tfu{x) := [ u{y)f{y)K^{x,y)e~y^dy. 

Jr 


This certainly resembles the expression ([3|) for Toeplitz operators, however, note 
that this time there is no space around like m which would contain He as a 
closed subspace (in fact, the set {/(x)e““ / G He} is a dense, rather than 

proper closed, subset of L^(R)), so there is no projection like Ph around and the 
original definition Q makes no sense. In particular, there is no reason a priori 
even to expect © to be defined, not to say bounded, on some space (whereas with 
(l2|) it immediately follows that ||Ty|| is not greater than the norm of the operator of 
“multiplication by /” on L^, hence ||r/|| < ||/||oo). It may therefore come as a bit 
of a surprise that 0 actually yields, for / G L°°(R), a bounded operator on T^(R), 
and, moreover, Tf enjoys a nice asymptotic behaviour as e ^1, which we saw in 
[3] to correspond, in a very natural sense, to the semiclassical limit \ 0 in the 
original quantization setting. 

Furthermore, it turns out that the space He actually consists, up to a trivial 
equivalence, precisely of restrictions to R of holomorphic functions forming a very 
standard reproducing kernel space on the entire complex plane C. Namely, in addi¬ 
tion to being an orthogonal basis in L^(R, dx), the Hermite polynomials also 
satisfy an orthogonality relation over C [mu] : 

( 8 ) 

[ Hr,{z)Hm{z) dx dy = ^ z = xyi, 

Jc 

It follows that the multiplication operator 


(l_e2)l/4^1/4 



M : f{z) 
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maps the space He onto the space of holomorphic functions on C with reproducing 
kernel 


Fe{z,w) := 


2e 


-K^{z,w) = 


2e 


(1 — e^)7r ’ (1 — 

that is, onto the standard Fock (Segal-Bargmann) space 






of all entire functions on C square-integrable with respect to the Gaussian measure 


where dz stands for the Lebesgue area measure on C. Now He is precisely the 
space ^ as in CD for r? = C equipped with the standard (i.e. Euclidean) Kahler 
structure. Using the above correspondence between He and L^(K, one can 

thus transfer the Toeplitz operators m on He into operators on e and, 

via another multiplication operator, on L^(K). The latter turn out to belong to the 
standard Weyl calculus, and it was shown in [3] that in this way one can actually re¬ 
cover, from this seemingly totally unrelated Ansatz involving Hermite polynomials, 
the whole Berezin-Toeplitz quantization (on C) reviewed in the beginnning. 

In the present paper, we show that all the above, in some sense, remains in force 
also for the Laguerre polynomials in the place of In particular, we establish 
the existence of a certain analogue, associated to the Laguerre polynomials, of the 
Fock spaces He, and study the semi-classical asymptotics of the Toeplitz operators 
there. Surprisingly, this “Laguerre Fock space” turns out to coincide with the space 
of entire functions discovered by Barut and Girardello [7] in the construction of 
coherent states that nowadays bear their name. (Similar spaces were also obtained 
in [I] while working with ensembles of non-Hermitian matrices and in [nnnng.) 
The associated Toeplitz operators and their asymptotics just mentioned, however, 
up to the authors’ knowledge seem not to have previously appeared in the literature: 
it turns out that they again satisfy the correspondence principle ([5|), but with the 
Poisson bracket coming from the flat metric on the punctured complex plane C\{0} 
(which is somewhat surprising). We also discuss the case of Legendre polynomials, 
where things turn to work out somewhat differently. 

The necessary standard material on Laguerre polynomials is reviewed in Sec¬ 
tion 2, and the associated reproducing kernel Hilbert spaces are introduced there 
as well. The Laguerre Fock space is discussed in Section 3, and its Toeplitz op¬ 
erators in Section 5. A result exhibiting the Laguerre polynomials as a certain 
“squeezed” basis of the Laguerre Fock space is discussed in Section 4. The case of 
Legendre polynomials is analyzed in Section 6, and some concluding remarks and 
speculations are collected in the final Sections 7 and 8. 


2. Laguerre polynomials 

The Laguerre polynomials Ln(x), n = 0, 1, 2, ..., are defined by the formula 

X jn 

They are orthonormal on the half-line M+ = (0, -l-oo) with respect to the weight 
thus the functions 


ln{x) := e ’“/^L„(a:), 


n = 0,1,2,..., 
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form an orthonormal basis of L^(R+). They can also be obtained from the gener¬ 
ating function 


(9) 


n—0 


1 


Xjz = 


1-z 


X G C, \z\ < 1. 


The series 

OO OO y- / \ 

(10) L,{x,y) = '^e^Lri{x)Ln{y), L,{x,y) = E e"Z„(x)/„(^) = 


n—0 


n—0 


1 - e 




,k \ 2 


converge for all x, y > 0, and 

(11) L,(x,y) = ^e-T^("+^)/nf^^V 
where 

'.W = E(iSf)' 

k =0 

is the modified Bessel function; see e.g. [3 §6.2]. The differential equation for 
Laguerre polynomials 

xL"(x) + (1 — x)L'„(x) -I- nL„(x) = 0 
is equivalent to the equation 

X — 2 

(12) Ain = nln, Au{x)-.=—xu”{x) — u'(x) A -—w(x), 

for the functions ln{x). 

Drawing inspiration from ([3]), we may define, for a function (“symbol”) / on K-|_, 
the corresponding “Toeplitz operator” T^'^\ 0 < e < 1, on L^(R+) by 

Tf\{x)-.= I u{y)f{y)L,{x,y)dy. 

Jo 

As in [3], these turn out to be actually bounded operators, and possess a kind of 
“semi-classical” asymptotic expansion as e ^1. 

Theorem 1. For f G L°“(K+) the operator is bounded on L^(]R+). 

Proof. By (fTUl) 


Tfu=Y,e'^{fu,ln)ln- 

n 

Thus, for any 0 < e < 1, 

Wffuf = < E = Wfuf < ll/llLikf, 

n n 

so < ll/lloo. 

Theorem 2. We have 

ff = e^Mf, 

where A is as in uni), is understood in the sense of the spectral theorem, and 
Mf stands for the operator of “multiplication by f”. Consequently, as e yA 1, 


□ 






(loge)* 
k\ 


■A'^ifu). 


(13) 
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Proof. We have 

^ poo _ _ 

Tf\= / u{y)f(y)^(Pln{y)lndy 
do 

= Y,e^{uf,lu)ln 

n 

= Y,HJn)e^ln 

n 

k 

□ 


Of course, using the familiar series 


OO 

log e = - ^ 


i=i 


(1 - £? 
j 


one could easily pass in (US from powers of loge to powers of (1 — e). 

The beginning of the asymptotic expansion (fT^ reads = fu+{l—e)A{fu) + 
0((1 - e)2), or 

(14) f W =Mf + {l- e)AMf + 0((1 - ef). 

Using the similar formulas for g and fg and subtracting, we arrive at 

(15) Tf - r);) = (1 - e)MfAMg + 0((1 - e)^), 
and, upon a routine computation, 

(16) TfT.-Tgff = (l-e)[ix-l)igixry-f{xg'y)I+2xifg'-gf)D]+Oiil-en 
where we introduced the notation 

Du{,:) := ip. 

ax 

for the differentiation operator on R. Comparing these formulas with ([5|) and 0 
— the role of the Planck constant being now played by the quantity 1 — e — we see 
that, first of all, the role of the Poisson bracket is now played by the (second- 
order) expression g{xf'y — f{xg'y\ and, secondly, that in addition to the “Toeplitz” 
operators the differentiation operator D appears too. 

As with Hermite polynomials, one also again has Hilbert spaces for which Le 
and Le are the reproducing kernels: 


dd-e := {/ = E ■ E 

n n 

A := {/ = E ■ E 


Here is a space of functions on K+, dense in L^(R+). It turns out that just 
as for the Hermite polynomials in [3] , again extends to a space of holomorphic 
functions on all of C. 
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Theorem 3. Each f G Ce extends to an entire function on C, and Ce is the space 
of (the restrictions to R+ of) holomorphic functions on C with reproducing kernel 

Leix, y) = f2 e-L^ix)!:^ = , x,yGC. 

n—0 

Proof. By (0 and Cauchy estimates, we have for each 0 < r < 1 and x G C 

1 


(17) 

Thus 


r"'|L„(a;)| < sup 

P|=r 


1 - Z 


1 |3!k 

< ^-e— 

1 — r 


|a:|r/(l—r) 


\fnL„ix)\ < _ Y I/’ 


< 


< 


1 — r 

,\x\r/(l-r) 

1 — r 

,\x\r/{l-r) 


L.(E 


1/2 


1-r 

whenever r G i\/e, 1). Thus the series 

fix) = ^/„Tn(a;) 


converges for any x G C, and uniformly on compact subsets. The rest follows as in 
the proof of Theorem 2 in [3] . □ 


3. The Laguerre Fock space 

It turns out that the Laguerre polynomials also satisfy an orthogonality relation 
over the complex plane, similarly to ([5]) for the Hermite polynomials. 

Recall that the modified Bessel function of the third kind Kq is defined by 


(18) 


Koit) 



Ret > 0 


(see [5J 7.12(19)]). One has Koit) ^ log j as t \ 0, while 


(19) 


Koit) 



as t —>■ + 00 . 


Lemma 4. For any k = 0,1,2,, 


(20) 


2t'= Koi2Vt) dt 
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Proof. Making the indicated changes of variables and using Fubini, 

pCO 

/ 2t'^ Ko{2Vi) dt = 

Jo 

nOC 

= / i^^+^2~‘^^Ko{t)dt 

Jo 

pOO pOO ^ — tx 

= / ^2fc+i2-2fc - (t^-) 


7i va;2 — 1 

r(i)fc! 




^2-2fc-ir(2fc + 2) 


r(fc + |) 


= fc!2 


by the doubling formula for the Gamma function. 


□ 


Remark. Another way to arrive at (l20)) is the following: starting with the double 
integral 

poo poo 

fc!2=/ / e-^e-yx’^y’^dxdy, 

Jo Jo 

we make the change of variable s = x + y, p = xy, so dsdp = \x — y \ dxdy = 
— 4p dx dy. This yields 


k\^ = 2 


COO poo 


ds 


■72VP ^ys‘^ -Ap 

poo 

= 2 p’^Ko{2^)dp 

Jo 


dp 


by the change of variable s —>■ 2sy/p. Note that 2Ko{2\/t) is the unique function 
whose moments are given by (uni, in view of Carleman’s criterion p. 85], since 
Sfc = oo by Stirling’s formula. 

Iterating the above argument, it is also clear how to construct functions on 
whose moments will be k\^, or A:!^, and so forth. 


Our main result in this section is the following. 
Theorem 5. Let 0 < e < 1 and denote for brevity 

(21) c = ,^. 

Then for m, n = 0,1, 2,..., 

( 22 ) 

Proof. By virtue of the last lemma. 


fc!2. 




□+ 


















MIROSLAV ENGLIS AND S. TWAREQUE ALI 


Using the generating function ([9]), we thus have 

OO « 

. f eift+A+“+“ifo(^|z|)dz 

Jc 


7n,n—0 


a-m-s) 

1 

a-m-s) 


'c 

OO 


(i-m-s) 


j,k=0 

OO 

■E 

j,k=0 

OO 

E 

j,k=0 


( 

t 

cVY 

s 


u 

-1 ' 

V U 

-1 ' 

^ Jc 3 

( 

t 

cVY 

s 

ySjkT^ 

\t 

-1 ' 


-1 ' 

) j\k\ 

( 

t 

cVY 

s 


\t 

-1 ' 

Y U 

-1 ' 

cj 2 °]k 




(23) 


(l-e)V(2e) r (1 - e)V t 

(l-t)(l-s)[ 




where the interchange of the integration and summation in the first equality is 
legitimate for 


t 


t-1 


+ c< 




1-yi’ 


s — 1 


+ c < 




1-yi 


— hence, for t, s in some neighbourhood of zero — thanks to dm and (HU). Now 

(1 - t)(l - s) [l - + c) + c) 

(1 — e)^ 

= (t — l)(s — 1)- {t + tc — c){s + sc — c) 


l-e 




e 

= (1 — e)- st 

by (1^ . Thus (l23ll equals 


i(l + c) 


(l-e)2 


- 1 


{t + s) + 1 — (1 — c) 


2 ( 1 -^)^ 


st 


(l-e)V(2e) _ (l-e)^ g (fs)'= 


1 - 


fc=0 


and (1^ follows. 


□ 


Corollary 6. The multiplication operator 

Ml : f{z) ^ 

maps the space unitarily onto the space 

£, :=LL(C,d^.) 
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of entire functions on C square-integrable with respect to the measure 



where dz stands for the Lebesgue area measure. 

The space = L^qj(C, diZe) thus plays an analogous role for the Laguerre poly¬ 
nomials as the Fock space Jy played for the Hermite polynomials; we will call 
the Laguerre Fock space. 

The last corollary and (ED imply that the reproducing kernel of is equal to 



which can be verified also directly using the monomial basis. (Namely, quite gener¬ 
ally, if a multiplication operator : f i—^ (ff is unitary from a reproducing kernel 
Hilbert space 'Hi into another reproducing kernel Hilbert space H 2 , then the cor¬ 
responding reproducing kernels are related by K 2 {x,y) = 4){x)Ki(x,y)4>{y); this is 
immediate e.g. from the standard formula K(x, y) = 'Yfj ^j{x)ej{y) for reproducing 
kernel in terms of an arbitrary orthonormal basis {e^}. As for the second claim. 


Lemma m shows that { 


L/2 


(1-ey 


orthonormal basis in and the claim 


follows again by the formula just mentioned.) 

So far we have worked with the ordinary Laguerre polynomials L„(a;); it should 
be noted, however, that everything we did in this section extends in a routine 
manner also to the generalized Laguerre polynomials L“(a;), a > — 1, defined by 


= 


e^x-°^ d” 




n! dx'^'' 

They are orthogonal on the half-line M+ = (0, -l-oo) with respect to the weight e~^x° 
[ L“(a;)L“ (t) dx = 

Jo n- 

and can also be obtained from the generating function 




n—0 


(l-z) 


CK + l 


X G C, \z\ < 1. 


The ordinary Laguerre polynomials correspond to a = 0. Similarly to our Lemma 4, 
one checks that the modified Bessel functions of the third kind 

rfij /f\a r°° , 

= - 1)“"5 da;, Ret > 0, a >-^ 

r;.-ha)V2y 


satisfies 

( 25 ) 


/ 2t’^+T Kc,{2Vi)dt = k\T{k + aFl). 
Jo 
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With the c from (1^ . the computation 

OO ^ 

m,n—0 

1 f ** _L_Zi_I 


(1 

- t)“+l(l - 

s)“+i j 


1 


(1 

- t)“+l(l - 

s)“+i 

j 


1 


(1 

- f)“+l(l - 

g\a+l 

j 


1 


(1 

- f)“+l(l - 

g\a+l 

j 

fl 

— eN2+“ 

r(a + 

1 

) (1 

-t)“+l 

4 

- eN2+“r(, 

a + l)7r 

1 

V~e ) 

2 

(1 

— e)r(a + l)7r 


£ (£l + ')’ (7^ + “)‘X JT! I*rA'„(M|^|) & 


f,fc=0 

^ t s r(A: + a + 1)/I - e\' 

^ + (731+^) 2^^^ fe! (^) 


dt 


la+l 


1 - 


(l-e)V f 


(£t-)(7^-) 


-| —Ot— 1 


(i-er“-(i-f)"“"^ 


2ei+f (1 _ ^)«+i 


(1 — e)?! r(a + fc + 1) {ts)^ 

2£i+f 2^ 


k=0 

shows as before that 


k\ 


y^L“(z)L“ (z)e“+=^|zri^„(f^|z|)d^ = 

generalizing (j22l) . The same multiplication operator as before 

Ml : fiz) I—J> e^^f{z) 

thus maps the space 

4“^ = {/ = E fr^Ln : E =: ||/||2(„) < oo} 

n n 

unitarily onto the space 

4“) :=LLi(C,dv£)) 

of entire functions on C square-integrable with respect to the measure 


(1 — e)Tr T(n + 0 + 1) 


0 , 1+4 




dz. 


(1 - e)7r 

The reproducing kernel of £e“^ equals (cf. [U §10.12(20)]) 

where la again denotes the modified Bessel function of the first kind. In particular, 
each / G again actually extends to an entire function on C, and is the 
space of (the restrictions to M+ of) holomorphic functions on C with reproducing 
kernel 
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Remarkably, the space is a very well-known object, which first appeared in 
Section VI of the paper by Barut and Girardello [7] on coherent states associated 
with SU{1, 1); cf. the formulas (6.2) and (6.3) there. (Our a corresponds to —2$— 1 
in the notation of [7]; recall that the Bessel function satisfies for any i/. 

Also we note that our Lemma 4 and (1^51) are just a special case of the formula (3.26) 
there, however we have included the simple direct verification here for convenience.) 
It is noteworthy that Laguerre polynomials turn out to be related to this space of 
Barut and Girardello in the same way as Hermite polynomials were shown in [3] to 
be related to the standard Fock-Segal-Bargmann space. More recently, the space 
has been studied in some detail in [19]. Another interesting point in this 
connection is the existence of families of complex orthogonal polynomials in z,z, 
with real coefficients, which span, for example, the space L^(C, d/Xe), of which J-^ = 
LLi(C,d/Xe) is a subspace. These polynomials are also known as complex Hermite 
polynomials (see, e.g., [2]), and are determined completely by the measure d/Xg. 
A general procedure for constructing such a family of polynomials, starting with a 
measure, has been developed in USKIS]. It would be interesting to work out the 
analogous complex orthogonal polynomials starting with the measure dve°‘^. 


4. The Laguerre “squeeze” operator 


Ingj, it was shown that the Hermite polynomial basis in the Fock space actually 
arises as a “squeezed” variant of the standard monomial basis, namely, the former 
is obtained from the latter by a certain “squeezing” unitary operator. We show 
that all this persists also in the context of Laguerre polynomials and the Laguerre 
Fock space of Barut and Girardello described in the preceding section. 

For simplicity, we treat only the case a = 0, leaving the extension to the gener¬ 
alized Laguerre polynomials to the interested reader. 

It is immediate from Lemma 4 that 


(-z)” ' 1 °° 
n!2"-\/^ J n.=o 


{e4^)}“=o 


is an orthonormal basis of ^o{\z\) dz). 

On the other hand from Theorem 5, by the simple change of variable z i—>■ 
it transpires that 




is another orthonormal basis of the same space. 


Theorem 7. Denote 


Then the operator 


U, 


Qf{z) := |/(z) - 2 ^z^/(2:)- 



= exp 



1 -b \/e' 


satisfies 


UfOn — Ef 


Vn = 0,l,2,..., 


i.e. maps the basis {e„}))TQ into the basis 
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Note that, by a simple computation, 

z , , d d 

-en =-[n +l)en+i, 2—z—e„ =-ne„_i, 

2 dz dz 

from which one easily checks that Q = T — T* where Tf{z) = ^f{z) is the operator 
of multiplication by | on Ko{\z\) dz). Thus iQ is self-adjoint, and is 

unitary. However, to see that UeCn = requires more work. 

Proof. Recall once again the generating function for Legendre polynomials 

OO 

(1 — a) ^ a”L„(z) = |a| < 1, z G C. 

n—0 

Taking in particular a = (so |a| < 1 corresponds to Reu> > 0), we have 


a _ 1—It; 


and 


w -I- 1 




n—0 


or 


(26) 


n—0 


w -I- 1 




On the other hand, taking a = (so |a| < 1 now corresponds to w in the 

disc with diameter (e, i) in the right half-plane), we similarly get 


(27) 


2(1 — ew) 

(.w + l){l-e) 


Vro -I- 1 1 — e/ 

n—0 


Now from the differential equation for Legendre polynomials 

+ (1 - z)L'Jz) = -nL„{z) 

we obtain upon a simple computation using just the Leibniz rule 

(I ~ ^ l)e“^/^L„(z), 

i.e. Q{e~^^'^Ln{z)) = {2n+ l)e“^/^L„(z). Hence 

1 j_ 2n + l 

17,2(e-"/2L„(z))= (^) ' e-^/2L„(z). 

Substituting this into (1261) yields 

2 


17,2 6 


— wzf2 _ 


w -I-1 V 1 — e 


1 — e \w 1 1 — e/ 


n—0 


2 Jl+fjw + m-e) ^^^, 

w + 1\ 1 — e 2(1 — ew) 




2(1-™) ' 


1 — eu> 

by ((771) . Expanding the exponential on the left-hand side shows that it equals 




n—0 


n!2’^ 


= \/^ E] W^Uf2en{z). 


n—0 
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On the other hand, using one more time the generating function for Legendre 
polynomials, this time with a = ew, shows that 


n=0 


oo _ ^ 2 

n—0 


Vl - 


1 


VT^ 

1 — ew 


I — ew 

g2(l-€™) 


Consequently, 

OO OO 

^ w”C/,2e„(0) = ^ w'^E^2^n{z). 

n—0 n—0 

Comparing coefficients at like powers of w and replacing e by y/e, the theorem 
follows. □ 


Note that the operator T and its adjoint T* mentioned before the last proof coin¬ 
cide (up to a different normalization) with the generators C+ and £_, respectively, 
of the action of the Lie algebra su(l, 1) on Ze defined in (6.19) in [7]. The reader 
is referred to Section V in [3] for further discussion and physical interpretation of 
the “squeezing” procedure in the Hermite case. By analogy we shall refer to 
as the Laguerre squeeze operator, although at this point we do not have a physical 
meaning for this squeezing. Furthermore, using the squeeze operator, we could 
also derive a family of squeezed Barut-Girardello coherent states, or express the 
Barut-Girardello states themselves in terms of the squeezed basis, just as was done 
for the canonical coherent states in [3]. 


5. TOEPLITZ operators ON THE LAGUERRE FOCK SPACE 

For a “symbol” / G L°°(C), the associated Toeplitz operator = Tf on the 
Laguerre Fock space is again given by 


(28) 


Tf u = P,{fu), 


G 


where : T^(C, di'e) —Ze is the orthogonal projection. Our aim in this section is 
to find the “semi-classical” asymptotics like ([S]) of these operators (with h = 1 — e). 
There are well-established methods to handle this for measures c?Pe with power-like 
dependence on e, that is, of the form dv^{z) — F{zY^’^'>G[z) dz with some fixed 
positive weights F, G and some real-valued function c(e) of e, c(e) —>■ -boo as e 1; 
however, our dv^ in (1241) are plainly not quite of this type, so we need to work from 
scratch. 

Recall that, quite generally, on a family of reproducing kernel Hilbert spaces 
L‘l^^^{Vt,dpf) of holomorphic functions with some measures dp^, 0 < e < 1, on a do¬ 
main H G C", establishing an asymptotic expansion like (jl]) for TfTg is actually 
tantamount to establishing the asymptotic behaviour of the Berezin transform 


BJ{z) := [ fit 
JQ 


\Keiz,w)\'^ 

Keiz,z) 


dpeiw), 


where K^iz,w) is the reproducing kernel of T^q[(H, dpe). Indeed, from the defi¬ 
nition (1281) it is immediate that TfTg = Tfg whenever g is holomorphic or (upon 
taking adjoints) / is anti-holomorphic. Thus the bidifferential operators Gj{f,g) 
in (|31) involve only holomorphic derivatives of / and anti-holomorphic derivatives 
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oi g. It is therefore enough to determine Cj(f,g) for holomorphic / and anti- 
holomorphic g. For such f,g, let us apply both sides of (H)) to the reproducing 
kernel = K^(-,w) at ru G and evaluate at w. Since = g(w)K^^w 

for anti-holomorphic g by the reproducong property of the left-hand side of (|^ 
gives just f(w)g(w)K^{w,w)\ while the right-hand side, in view of (l28l) . becomes 

oo « oo 

/ Cj{f,g){z)\K^{z,w)\'^dp^{z) = '^h^B^[Cj{f,g)]{w)K^{w,w). 

3=0 1=0 

(Remember that = 1 — e.) Consequently, we get, at least formally, 

OO 

Y,h^C,{f,g)= B:\fg), 

3=0 

with the inverse being understood in the sense of formal power series in h = 1 — e. 
In other words, if has an asymptotic expansion 

OO 

(29) i?,«^(l-e)^Q, 

3=0 

with some differential operators Qj, and 

OO 

BZ" ^ ’ = E 

1=0 a,/3 

is the inverse of (l29)) (as a formal power series in I — e), then 

(30) Q(/,g)=^i?,„;3(9“/)(Fg). 

a,/3 

(Here the summations extend over all multiindices a,/I.) 

See [12] for more details of the above argument. 

Example. For the ordinary Fock space Tt = F^qj(C, e h > 0, the 

reproducing kernel is given by Kh{z,w) = so 

Bhfiz) = 4 / 

7Th 7c 

is just the heat solution operator at time t = j. Its formal inverse B'f^^ is thus 
and 

Q(/,ff) = 

recovering the well-known formula for the Berezin-Toeplitz quantization on C. 


Returning to our Laguerre Fock space, we are thus confronted with finding the 
asymptotics as e C 1 of the associated Berezin transform 


(31) 


RJ(z) = /o(^^ 




2 


dv^{w) 


where we have used the formula for the reproducing kernel of from the end of 
Section 3. 

It turns out to be more convenient, instead of e G (0,1), to use the parameter 


a := 


2-y/e 

1-e' 


Thus e ^ 1 corresponds to a —>■ +oo. We will write B^ instead of B^ from now on. 
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Theorem 8. Let z S C, 0 ^ 0. For any / G L°°{C) which is C°° in a neighbour¬ 
hood of z, we have 

CO 

(32) Baf{z)Ki'^a~^Qjf{z) asa^-\-oo, 

j=o 

for some differential operators Qj on C \ {0}, j = 0,1, 2,... (not depending on f 
and z). Explicitly, 

Qo = I, Qi = 

(33) , _ , „ 

Qi = ^A + (zd + zd)A + ^Af 

For z = 0 and f G L°“(C) smooth near the origin, we have 


(34) 


Baf(0) ~ a A^/(0) as a ^ +oo. 
j=o 


Note that the asymptotics are thus discontinuous at z = 0; this can be viewed 
as an analogue of the familiar Stokes phenomenon in complex analysis. 


Proof. For z = 0, dSU becomes simply 
Bafiz) = -^— [ f(w)du^(w)-- 

= ^ ^ f{w)Ko{a\w\) dw. 
For any d > 0 and a > 1, we have 


2e 


f{w)Ko^^^\w\^ dw 


(1-ey 


/ f{w)Ko(a\w\) dw < ||/||oo27r / Ko{ar)rdr 
' |t(;|>(5 J6 


< 




= ll/lloo — 

Js a 


for some finite cs, thanks to m- This decays faster than any negative power of a 
as a —>■ + 00 . 

On the other hand, for |a;| <5 with <5 small enough we may replace / by its 
Taylor expansion at the origin, giving 


1 


1-e ^ 


j,k=0 


d^d'^fiO) 

jlkl 




W^W^ dve{w). 


Again, modulo an exponentially small error, the last integral equals, as we have 
seen in Section 3, 


Hence 


[ w^w^ dv^(w) = 5jk —— 

Jc C 


o ... ^ . (1 - 

Baf[0)- 2_^ -- ^jk ---j! 


j,k=0 


j\k\ 


el 


_ ^ (1 - e)2'=A'=/(0) _ ^ A'=/(0) 

/ ^ Akfzk / ^ 


/c=0 


v2fc 


k—0 


as a —>■ + 00 , establishing (IM)) . 
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For the rest of the proof, we thus assume z ^ 0. The change of variable 
w = (1 + yfz, Rey>-1, 

then transforms dSU) into 
1 f 


Baf{z) = 

or, introducing 

for convenience, 
(35) B^fiz) = 




/((I + y) z) Jo((l + y)a\z\)Io{{l + y)a\z\) 


a 


X ^Ko{a\l + y\^\z\) \2z{l + y)\^ dy, 


2A2 


Jliey> — 1 
Using the integral representation 


A := a\z\ 


f{{l+yfz) M{l+y)X)\^Ko{\l + y\^X)\l+y\^dy. 


Io{z) = - / 

TT J -1 


1 g-tz 


: dt 


/-I Vl - 

for Jo and the formula (fTSl) for JJq, this can be rewritten as 
TT^IoiX) 


2A2 


-Bafiz) = 


P pi pi POO 

/ / / / /((1 + y)^^) 

JKey>-lJ-1J-1 Jl 


^-tX{l-\-y)-sX{l+y)-xX\l-\-y\^ 


|1 + ?/P dxdsdtdy. 


iy>-lJ-lJ-lJl \/(l - t2)(l _ s2)(2.2 _ 

Making one more change of variables 

t = T‘^-l, s = S'2-l, x = X‘^ + l, 
the right-hand side becomes 

f rV-2 r /((l+^)2^)|l + y|2 

Jney>-lJ-V2J-V2JR ^{2 - T^){2 - S^){2 + X^) 

X g(i-|y|"-(i-ey)T"-(i-ey)s^-|i-ewl"A=)A 

r.d2 


(36) 


/• /•V^ P 

/ / / / ny,T,s,x) 

Jliey>-1 J~\/2 J ~\/2 JR 


X +‘5 dSdTdy, 


where 


(37) 


F{y,T,S,X) 

T{y,T,S,X) 


f{{l + y)^z)\l + y\^ 
V^(2-r2)(2-S'2)(2 + X2)’ 
r2y + 52y + X2(y + y+|yn. 


Note that the factor at A in the exponent in the integrand in (1551) has a global 
maximum at the origin T = S = X = y = 0, and vanishes there precisely to 
the second order. Asymptotics as A —>■ -boo of such integrals is obtained by the 
standard stationary phase (WJKB) method; in the present case, this can be made 
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quite explicit as follows. Recall first of all that by the formula for the solution of 
the heat equation, 


f/ G{y, T, S, dX dS dT dy = 


E 

1=0 


1 r 4^2 


52 92 

+ 


92 


j!(4A)^ Vdydy dT"^ dS'^ dx^ 


G(0). 


Arguing as in the beginning of this proof, one sees that this holds also for integration 
over any open subset containing the origin, instead of the whole CxR^; in particular, 
we can apply it to the integral (I55)) . with 

G := Fe-^'^ 


(note that this depends also on A). We thus obtain, at least formally, 
F g-(|y| WtWsWxWtIa 


/ttWA “ 

u/ E 71 


j,k=0 


92 92 

j!(4Ay Idydy ' dT"^ ' ^ 


A^ r 492 52 

+ 




T=S=X=y=0 


Note that as T vanishes to third order at the origin, one gets nonzero summands 

only for 0 < 3fc < 2j. Rearranging the series we thus get 

(38) 


00 2m 

771 — 0 j — 0 



92 

92 

1 'll 

j+m (— 7 ")/ F 

Vdydy ' 4' 

.9r2 

5S'2 


{m + j)\jl 




Though our argument so far has been just formal, the formula obtained is valid 
and can be proved fully rigorously, see [13 PP- 126-127], 

Restoring F and T from (1571) . we see that the right-hand side of (1551) has the 
form 

00 

(39) ^ A—(7^™/)(z), 

m—0 

where TZm are some differential operators on C \ {0} with G°° coefhcients (in fact, 
TZm is of order 2m). Explicit calculations (using computer for m = 2) yield 

7^o/ = 2-3/2/, 7^l/ = 2-3/2(l/+|z|A/), 

^ 2 / = 2-3/2(^/ + ||z|2a/ + |z|2(z 5 + z5)A/ + ^\z\^A^f). 

Observe that in view of the reproducing property of the reproducing kernel, one has 
Bal = 1 for all a (where 1 denotes the function constant one). Consequently, 
taking / = 1 in (1551) . 


(41) 


/An 5/2 ^ 3/0 (A) 
Vtt/ 2A2e^ 


^ A—(7^„a)(z). 

TTl — O 


Dividing (1551) by (|TT|) . we finally obtain 


(7^„/)(z) 

2V2E“=o^-'"(^™l)(^) 


E A-™(Q™/)(^) 

ra—0 
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with some differential operators Qj on C\{0}, proving ([32]). (Note that the division 
of formal power series above makes sense, since 2^TZol = 1.) Finally, lengthy but 
routine calculation using (HOI) yields dSSl). □ 


Remark. A somewhat simpler way (which would require some justification however 
to make it completely rigorous) to get explicit expressions for the TZm and Qm 
above is as follows. Recall that as z —>■ oo, the functions Iq and Kq possess the 
asymptotic expansions 


OO 


(42) 

/o(z) Ri 

Cm 

'' m—0 

(43) 

Ko{z) Ri 

~ {-ircm 

V 2z ^ z"" 

where 


( 1 )^ T{m+\)\ 


m!2'" m!2'"7r ’ 

see [SI vol. II, §7.13.1, (5) and (7)]. Substituting these into (1551) yields 


’'"'’<'''-0.0= f; 


na+vr-^) 


2A2 


j,k,l—0 

yire 


Xj+k+l+3/2 (1 + y)J{l + y)fe|l + y\^ 




dy 


E 


CjCkj-lYci 

\/8A5/2 ^ 

j,k,l,n—0 

Comparing this with (I39|) yields immediately 

CjCki-lYci 


gngn 


fii^ + yfz) 


T^mf{z) = ^ 

j-\-k-\-l-\-n—m 


i\Vs 


gugn 


L(l+y)l+i(l + y)fe+i 

fia + y^z) 


y=o 


L(1 + J/)^' + <(l + ?/)'=+Cy = 0 


which is a much simpler expression than in (1381) . 

We pause to note that it is amusing to check that the asymptotics of Io{X) 
implicit from (IdlTl coincide with (l42|l . □ 


Returning to our Toeplitz operator asymptotics on the Laguerre Fock space, 
we see from (|33ll and (|30ll that 

ih 

T i rT~\ rji rri rji 

f^g - ^g^f ~ ^^I/.sl’ 

where 

^{f,g} = 2^\z\{dfdg - dfdg) + 0{h^) 

(recall that h = 1 — e). Thus what we have is a quantization of the Kahler metric 


(44) 


dz dz 

w 


In view of the singularity at z = 0, we are in effect quantizing not C but C \ {0}, 
where (Hi)) is just the pullback of the (appropriately rescaled) Euclidean metricc 
on the universal cover C of C \ {0}. (This accounts for the discontinuity of the 
asymptotics at z = 0: physically, the origin does not belong to our phase space 
and the asymptotics there have no physical relevance.) A potential for this metric 
is given by 4'(z) = 2|z|, so the traditional Berezin-Toeplitz quantization would be 
using the spaces 


LL(C \ {0}, e-2|-l/'"dz) = LL(C, e-2|-l/^dz). 


h> 0, 
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as described in the Introduction. (The equality of the last two spaces follows from 
the well-known fact — easily checked using the Laurent expansion and polar co¬ 
ordinates — that any holomorphic and square-integrable function in a punctured 
neighbourhood of the origin has a removable singularity there.) The latter can be 
carried out as in Example 2.16 in and we leave to the reader the (amusing) 
comparison of the outcomes of the two approaches. 

We conclude this section by mentioning that, analogously as in Section 6 in [3], 
one can in principle derive the asymptotics of the Toeplitz operators on also by 
using the standard Weyl calculus on L^(]R). Namely, the integral operator 


where 


VLf{z) 



f{x)l3L{z,x) dx 


^l{z,x) 




L^{z,x) 


1 


1-yi 


J-+V^ rp 

2(1-^)^ J 


/2yiiei/S 

V 1 -yi ) 


is a unitary isomorphism of L^(K.+) onto L^qj(C, diy^) (taking the orthonormal basis 
{ln}n of L^(M+) into the orthonormal basis Ln{z)}n of the latter). 

Composing it with the obvious unitary isomorphism 


Q:/(x)^ir-i/2/(logx) 


of L^(]R) onto L^(IR+), we thus obtain the operator 

VLQf{z) = f f{x)l3L{z, dx 

Jr 

sending L^(]R) unitarily onto £e. 

One can now, in principle, again consider the Toeplitz operators T^, (j) € L°°(C), 
on L^j^j(C, rfPe) and try to identify the transferred operator Q*VIT^VlQ with 
some Weyl operator on L^(R). Proceeding as in Section 6 in [3], we find that 
Q*VIT^VlQ = Wa with a given by 


dv^{z) 


2e 


X 1 + A/e I y 1 + A/e 

.g2 2(l-v^)^ ^2 2{1-V7)^ 


(l_g)(l_^)2^ 

f ,, ,_/2yie^/^e^/'^N / 2^/e A 


whence 
a{s,r]) = 


2e 


(1 - e)(l - ^) 27 r 


(j){z) K( 


(^w) 




^-trri 


_i±v5cosh?; . /2\/zei/2e® 


e 




f'Zyze^i‘^e‘‘ _z\r r\ 






] dr dz. 


One can now again replace Iq and Kq by their integral representations (or, at least 
on a heuristic level, by their asymptotic expansions (H3]) and (H31) l and proceed as 
before to obtain an asymptotic expansion for a(s, r/) as e ^1. Invoking the standard 
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composition rules for the Weyl calculus would then lead to the asymptotics (|4]) of 
the Toeplitz product TfTg. We omit the details. 


6. Legendre polynomials 


Another family of orthogonal polynomials susceptible to a similar treatment 
as with Hn(x) and Ln{x) are the Legendre polynomials Pn(x), n = 0,1,2,..., 
defined by 

’ ■ n!2" dx" ^ ' 

These polynomials form an orthogonal basis on L^(—1,1): 

/ Pn{x)Pm{x) dx = 


m - 


The corresponding series 

CSO 

(45) P<:(x,j/) = -)p„(x)P„(y), x,yG(-l,l), 


n=0 


can be summed to the rather complicated expression 
Pe{cos24>,cos29) = 


1 -e 

2(1+^ 


E 

m,n—0 


(m + n)!(|)Tn+n (4esin^ (()sin^ d)'"(4ecos^ (j)COS^ Oy 


(mlniy 


(^2 -(- g^2m+2ri 


see [SJ (7.5.6)]. (Incidentally, the series like K^,L^ and P^ are called the “Poisson 
kernels” for the corresponding orthogonal polynomials in [S]. The series on the 
right-hand side in the last formula is Appell’s hypergeometric function P 4 in Horn’s 
notation [51 §5.7.1].) 

The differential equation is 

(1 - x^)P"(x) - 2xP'n{x) + n{n + l)P„(x) = 0, 


implying that 


for 


APn = nPn 


(46) 4l=y-P(l-x2)P + i/-h 

{D = d/dx, and the square root is understood in the spectral-theoretic sense). 
As before, it follows that the corresponding “Toeplitz” operators 

Tf\{x)= j u{y)f{y)Pyx,y)dy, 0 < e < 1 , 

satisfy csi), with the operator A from (I46p . There are also the corresponding 
Hilbert spaces Pe of functions on (—1,1) having Pe for their reproducing kernel; 
however, unlike the situation for Hermite and Laguerre polynomials, in this case 
Pe no longer extend to a reproducing kernel Hilbert space on a larger set. 


Proposition 9. There exists no domain H m C eontaining the interval (—1,1) and 
such that for each 0 < e < 1 , Pe would consist of restrictions to (— 1 , 1 ) of functions 
in some reproducing kernel Hilbert space of holomorphic functions on ft. 
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Proof. Assume, to the contrary, that such a domain n and reproducing kernel 
Hilbert spaces 0 < e < 1, exist. For each e, the function P^{x,y) then extends 
to a function (still denoted P^) on all of H x H, holomorphic in x,y, which is the 
reproducing kernel of furthermore, by the standard formula for the reproducing 
kernel in terms of an orthonormal basis, the series (1451) converges for any x,y G fl. 
Thus, in particular, the series 

OO 

^(n+ i)e"|P„(a:)p 

n—0 

converges for any e G (0,1) and x G ft. By the Cauchy-Schwarz inequality 

iz"p„(a;)i)' < (E Nr) (E i"ri^"(^)i') ^ 

n n n ' ' n 

it thus follows that for any x Gfl, the series J2n ^'^Pn{x) converges for any \z\ < 1. 
However, using the familiar generating function for Legendre polynomials 

OO 

E Z^Pn{x) = (1 — 2 X 2 + \z\ <1, —1 < * < 1, 

n—0 

we quickly see that the series on the left-hand side converges precisely for 
\z\ < min(|a; -I- — 1|, \x — x^ — 1|). 

Since 

\x + \Jx^ — \\ ■ \x — \/x^ — 1| = 1, 

the series can thus converge for all | 2 ;| < 1 only if both x + Vx^ — 1 and x — y/x"^ — 1 
lie on the unit circle, that is, if and only if x G [—1,1]. □ 

Remark. For a given e G (0,1), the domain of convergence of the series (1451) is 
given by (cf. [H §5.7]) 

1(1 - x)(l - 2 /)p /2 ^ ^ ^ ^ ^ 1/2 ^ ^- 1 / 2 ^ 

Thus actually extends to a reproducing kernel Hilbert space of holomorphic 
functions on the ellipse 

fie := {x G C : |1 — x| -I- |1 -I- x| < (1 -I- e)/-\/e} 

which however shrinks to the interval [—1,1] as e 1. 

A more explicit description of the space Ve for a given e was given in |19j . One can 
treat in the same way also the Jacobi polynomials PjC’^K a,/3 > — 1 (of which P„ 
are the special case a = /3 = 0); we omit the details. 

7. Final remarks: other sequences 

The choice of the powers e" in ©, (unj and (|45|) may admittedly seem rather 
haphazard. It is in fact possible to give a fairly complete picture of what happens, 
from the point of view of existence of the reproducing kernel Hilbert spaces like 'He, 
Le and Ve, when it is replaced by other sequences of positive coefficients. 

Theorem 10. Let Cn be a sequence of positive numbers. Then the following are 
equivalent: 









22 


MIROSLAV ENGLIS AND S. TWAREQUE ALI 


(a) The series Pc{x, y) := CnPn{x)Pn(]j) converges for all x,y € [—1,1] and 
Pc{x,y) is the reproducing kernel of the Hilbert space 

:= {/ = ^fnPn ■■ =: WfWv, < OO} 

n n 

of functions on [—1,1]. 

(b) E„c„ < oo. 

Proof, (a) => (b) This is immediate upon taking x = y = 1, since T’n(l) = 1 Vn. 
(b) => (a) Since 

(47) \Pu{x)\<l VnVxe[-l,l] 

(this follows e.g. from the first formula in [51 10.10(42)]), clearly Pc{x, y) converges 
for all x,y G [—1,1], and thus Pc,y := Pc{-,y) belongs to Pc for each y G [—1,1]- 
The rest of the argument is the same as in the proof of Proposition 1 in [3] : namely, 
for any f G Pc, we have using again 6zl) 

X! ‘ {^Cn\Pn{y)\^^ ' = ||/|| (?/, 2/)^^^ < OO 

n n n 

showing that the series J2nfnPn{y) =■ f{y) converges and / H> f{y) = {f,Pc,y)p, 
is a bounded linear functional on Pc- Thus Pc is a reproducing kernel Hilbert space 
with reproducing kernel Pc{x,y), as asserted. □ 


Theorem 11. Let Cn be a sequence of positive numbers. Then the following are 
equivalent: 

(a) The series Lc{x,y) := J2n^nLn{x)Ln{y) converges for all x,y > 0 and 
Lc(x,y) is the reproducing kernel of the Hilbert space 

P-c ■■= {/ = ^fuLn : =■ < 00 } 

n n 

of functions on [0,oo). 

(b) EnCn < 00. 


Proof, (a) => (b) Immediate upon taking x = y = 0, since T„(0) = 1 Vn. 

(b) => (a) Recall that the Legendre polynomials are related by the formula 

(- 1 )" 

Ln{x) = -j—4'(-n, l,a:), a: ^ 0, 

n! 

to the confluent hypergeometric function ik |8l 10.12(14)]. The latter possesses the 
asymptotic behaviour (S] 6.13(8)] 

(48) 41 ( 0 ,c,ai) = K”“3a;5-3e^“”-\/2cos(K7r — 2-v/ra — f) • [1 + 0 (|k|“^/^)] 


as K := I — a —>■ + 00 . For a; > 0, the cosine is bounded by 1 in modulus, thus by 
Stirling’s formula 


\Ln{x)\ < 


for all n large enough, and the convergence of Lc{x, y) follows. The rest of the proof 
is the same as for the preceding theorem. □ 


Remark. Proceeding as in the proof of Theorem [51 one can show that Lc{x, y) in 
fact converges for all x,y G C, and Cc extends to a space of holomorphic functions 
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on all of C, as soon as < oo for some r S (0,1). The latter condition 

can in fact be relaxed to 

(49) ^ < oo Va > 0 


(or, equivalently, 0) by using (l4^ . 

For the spaces of Hermite polynomials, it is easy to see that Cn 
converges for a; = y = 0 if and only if c. 2 nl\fn < oo; unfortunately, handling 

the c„ with odd n seems more difficult. We can however offer the following result. 

Theorem 12. Let c„ he a sequence of positive numbers. Then the following are 
equivalent: 

(a) The two series Hc{x, y) := c„i7„(a;)i/„(y)(n!2"v^)“^ and H*{x, y) := 

'^^Cn+iHn{x)Hn{y)(n\2'^y/TT)~^ Converge for all x,y gM. and Hc{x,y) is 
the reproducing kernel of the Hilbert space 

n, := {/ = E =: 11/11^ < oo} 


of functions on R. 
(b) < oo. 


Proof, (a) => (b) As already mentioned, taking x = y = 0, H2n+i{0) = 0 and 
H 2 n{ 0 ) = imply that 


oo > E C2r 


(2ri)! 

^!222n 


= 2^ C2, 




nl 


y^C2nn 


the same argument for Hf gives C 2 n+iR-~^^^ < oo, and (b) follows. 

(b) (a) According to a result of Schwid [221 Theorem Vlll(a)] and Stirling’s 

formula, 


Hn{z) 


= 2i/V-i/2e^'/2n-i/4[l + 0(n-i)] 


V n!2"7ri/2 

as n —>■ + 00 . For z real, the cosine is bounded, so 
Hniz) 


/TTn 

cos(--z 


V2n + l) +0{n-^/^) 


V n!2"7ri/^ 


< C^n for n large enough, 


and the convergence of Hc{x, y) for any x,y G M. follows. The assertion for Hf (x, y) 
is obtained upon replacing {c„} by {c„+i}. □ 


Remark. It follows from the proof of Theorem 2 in |3] that, again, Hc{x,y) in fact 
converges for all x,y G C, and He extends to a space of holomorphic functions on 
all of C, as soon as the sequence {c„} satisfies (PI). 

For Legendre polynomials, the condition for Pfx, y) to converge for all x,y G C, 
and for Ve to extend to a reproducing kernel Hilbert space of holomorphic functions 
on all of C, can similarly be shown to be Cn —>■ 0. 
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8. Conclusion 

Generally, if we we start with a family of real polynomials pn (ic), a: G M, n = 
0 ,1, 2 ,..., oo, which are orthonormal with respect to a measure dp over R, the 
sum Yl^=QPn{x)Pn{y) is usually divergent. However, there exist families of poly¬ 
nomials, such as the ones considered in this paper, for which the sum K^{x,y) = 
^'^Pn{x)pn{y), 0 < e < 1, coverges for all x,y. In that case K^{x,y) defines 
a reproducing kernel and the polynomials e^Pn{x) constitute an orthonormal basis 
for the corresponding Hilbert space However, although C L^(IR,d/x), it is 
in general not a Hilbert subspace. On the other hand, if we write the same poly¬ 
nomials in a complex variable, e^pn{z), z G C, it often turns out that the sum 
K^{z,z') = Yl^=o^'^Pn{z)pn{z'), z^z' £ C, is Convergent in some domain of the 
complex plane, in which it defines a reproducing kernel. Moreover, the correspond¬ 
ing reproducing kernel Hilbert space turns out to be a (holomorphic) subspace of 
an L^-space over this domain. This is the general situation which is known to hap¬ 
pen, for example, for the Hermite, Laguerre and Jacobi polynomials. Additionally, 
a large number of other interesting questions emerge, related to such families of 
polynomials and reproducing kernel Hilbert spaces. In this paper and in |3], we 
have looked at the questions of Berezin-Toeplitz quantization using the real kernel 
K^(x,y) and its semi-classical approximation, and to certain physical questions re¬ 
lated to “squeezing” of coherent states. In a future publication we plan to look at 
the problems of the associated non-linear coherent states and complex orthogonal 
polynomials related to such systems. 
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